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Abstract—This letter seeks to clarify the different existing
definitions of both instantaneous complex phase and frequency
as well as their equivalence under standard modeling assump-
tions considered for transmission systems, i.e. balanced positive
sequence operation, sole presence of electro-mechanical transient
dynamics and absence of harmonics and interharmonics. To
achieve this, the two fundamental definitions, i.e., those based on
either the use of (i) analytic signals or (ii) space vectors, together
with the premises used for their formulation, are presented
and their relationship shown. Lastly, a unified notation and
terminology to avoid confusion is proposed.

Index Terms—Instantaneous complex phase (ICP), instanta-
neous complex frequency (ICF), analytic signal, Hilbert trans-
form, space vector.

I. INTRODUCTION

Recently, a proliferation of works has emerged e.g. [1]–
[4] leveraging the re-introduction done in [5] of the concept
of instantaneous complex frequency (ICF) within the field of
power systems based on the usage of the Park vector. However,
the notion of ICF was already formulated many decades ago in
the works of both Linden [6] and Hahn [7] using the concept of
analytic signals. The latter of the two even applied it to electric
circuits as far back as 1964 [8]. Moreover, as also pointed by
Hahn himself in [9], time-independent complex frequency is
a well-established concept in the fields of signal processing
and systems theory as it represents the independent variable
of the Laplace transform. Historically, as also indicated by
Hahn in [9] and exemplified in [10], a significant amount of
confusion and misunderstandings have surrounded the concept
of instantaneous frequency (IF). The reason is no other but
the adoption of the same label, IF, by different authors, to
accommodate different definitions and the subsequent point-
less argumentation regarding which is one correct. Similarly,
together with [5], a definition of instantaneous complex phase
(ICP) has also been proposed in [11] based on the Clarke space
vector with respect to three-phase phase-locked loops (PLLs).
Thus, the purpose of this letter is to prevent an analogous
situation to that seen for the IF to further develop around the
concepts of both ICF and ICP. This is done by: (i) showcasing
the different currently proposed formulations as well as how
and under which conditions these relate to each other and
(ii) proposing an unified notation and terminology to avoid
confusion.
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II. EQUIVALENCE BETWEEN EXISTING FORMULATIONS

A. Analytic Signals: Hahn [8], [9], [12]

Hahn’s definitions of ICP and ICF of a time domain signal
v(t) rely on the use of the Gabor complex signal or analytic
signal ṽ(t):

ṽ(t) = v(t) + ȷH{v(t)} = u(t)eȷθ(t), (1)

where H denotes the Hilbert Transform (HT) [9], u(t) the
instantaneous amplitude and θ(t) the instantaneous phase. The
ICP ϕ̄(t) is then defined as1:

ϕ̄h(t) = Ln (ṽ(t)) = Ln (u(t)) + ȷθ(t) , (2)

where Ln is used to highlight the multi-branch nature of
the natural logarithm of complex numbers. The ICF s̄(t) is
subsequently obtained as the time derivative of the ICP:

s̄h(t) =
˙̄ϕh(t) =

u̇(t)

u(t)
+ ȷθ̇(t) = ϱh(t) + ȷωh(t) , (3)

where ϱh(t) and ωh(t) refer respectively to the instanta-
neous radial and angular frequencies [9]. This definition is
universally valid as it does not entail any assumption nor
consideration for the signal v(t) besides those required for the
existence of its HT, i.e. v(t) must have finite-energy (square-
integrable) or be absolutely integrable. Furthermore, as proven
in [12], this formulation ensures the ICF is uniquely defined.
Regarding its use within three-phase power systems, it can
be applied to any generic voltage or current signal for each
individual phase.

B. Space Vectors: Milano [5] and Lei [11]

The definition of the ICF proposed by Milano [5] — called
complex frequency in this reference — is based on the use of
the Park vector v̄dq(t) and consequently specifically applies to
three-phase systems:

v̄dq(t) = vd(t) + ȷvq(t) = udq(t)e
ȷϑ(t), (4)

where vd(t) and vq(t) represent the direct and quadrature com-
ponents and udq(t) and ϑ(t) the instantaneous magnitude and
phase. Note that the Park vector is defined based on the dq-axis
components of the Park transform and fully represents a three-
phase system under balanced conditions and in the absence of

1The same notation is consistently used for the ICP and ICF, with different
sub-indexes employed for each respective formulation, i.e. h for Hahn, m for
Milano and l for Lei.
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homopolar components. Although [5] only explicitly defines
ICF, both the ICP2 and ICF correspond to:

ϕ̄m(t) = ln (udq(t)) + ȷϑ(t) , (5)

s̄m(t) =
˙̄ϕm(t) =

d(ln (udq(t)))

dt
+ ȷϑ̇(t) = ϱm(t) + ȷωm(t) .

(6)
It is important to clarify that, while balanced positive sequence
operating conditions, absence of harmonics and interharmonics
as well as electro-mechanical transient dynamics are required
to link (6) to the time derivative of the complex powers, as
shown in [5], (5-6) are intrinsically generic and only require
the application of the Park transform.

Let us denote with δdq(t) the rotation angle of the Park
dq-axis reference frame. As both Clarke and Park consider
the same analysis frames — the only difference being that
δdq(t) = 0 in the Clarke transform —, the definition proposed
by Lei [11] for the ICP, as well as its associated ICF, based on
the Clarke space vector, v̄αβ(t), can be considered analogous
to that of [5]. Indeed, an obvious equivalence can easily be
established between the definitions of ICP and ICF presented
by [11] and [5] as:

ϕ̄m(t) = ȷ(ϕ̄l(t)− δdq(t)) , (7a)

s̄m(t) = ȷ(s̄l(t)− ωdq(t)) , (7b)

where ωdq(t) = δ̇dq(t). Note that Lei’s definition permutes
real and imaginary parts compared to Milano’s [5]. In view
of geometrical considerations which interpret ϱ as a dilatation
and ω as a rotation (see Section III), the notation in [5] is
formally more consistent.

C. Hahn - Milano Relationship

Consider a generic single-tone three-phase power system
signal vvvabc(t):

vvvabc(t) =

va(t)vb(t)
vc(t)

 ,
vk(t) = uk(t) cos (θk(t) + ζk(t)) ,

θk(t) = ωot+ φk(t) ,
k ∈ {a, b, c} ,

(8)
where k is used to represent each individual phase, ζk(t)
the angular shifts between phases and uk(t) and θk(t) the
time varying magnitude and phase for which ωo denotes
the constant nominal system frequency and φk(t) its time-
dependent part. It holds that v̄αβ(t) contains both positive and
negative sequence spectral components according to:

v̄αβ(t) ∝ v̄p(t) = 1/2(
¯
Vp(t)e

ȷωot +
¯
V ∗
n (t)e

−ȷωot) , (9)

where v̄p(t) is the Lyon positive sequence vector [14],
¯
Vp(t)

and
¯
Vn(t) are the positive and negative sequence phasors and

∗ represents the complex conjugate operation.
On the other hand, the analytic signal of each phase k can

be calculated as:

ṽk(t) = vk(t) + ȷH{vk(t)} ≃ uk(t)e
ȷ(θk(t)+ζk(t)), (10)

2Despite (5), i.e. [5, Eq. (29)], not being explicitly referred to as the ICP
in [5], the ICF is indeed shown to be its time derivative. Moreover, the term
is explicitly introduced as such based on Milano’s ICF in [13, Eq. (4)].

where ≃ in (10) is used to symbolize that, according to the
Bedrosian theorem [15], this equality only holds if there is no
spectral overlap between uk(t) and θk(t)+ζk(t). However, as
shown in [16], [17], this is indeed the case for the slower
dynamics that characterize electro-mechanical transients as
those considered in [5] to link (6) with the time derivatives
of complex powers. Lastly, under positive sequence balanced
conditions, and by taking k = a and ζa(t) = 0 for simplicity
it follows that the spectrum of v̄αβ(t) matches that of ṽa(t)
[18]:{

¯
Vp(t) =

¯
Va(t)

¯
V ∗
n (t) = 0

⇒ v̄p(t) =
1

2
ṽa(t) =

1

2
v̄αβ(t) . (11)

Lastly, the Park and Clarke vectors can be related simply by
the rotation angle δdq(t) applied to the Park frame as:

v̄dq(t) = v̄αβ(t)e
−ȷδdq(t) = ṽa(t)e

−ȷδdq(t) . (12)

Therefore, the relationships between ICP and ICF of Hahn and
Milano are respectively given by:

ϕ̄m(t) = ϕ̄h(t)− ȷδdq(t) , (13a)

s̄m(t) = s̄h(t)− ȷωdq(t) . (13b)

Note that the selection of any other phase, i.e. k ∈ {b, c},
under balanced conditions will simply introduce an additional
phase offset in the imaginary part.

III. PROPOSED TERMINOLOGY

The equivalence between ICP and ICF of Hahn and Milano
given in (13) holds only in specific conditions, namely, bal-
anced positive sequence, sole presence of electro-mechanical
transient dynamics and absence of harmonics and interhar-
monics3. Although these conditions are not always met (e.g.
in power distribution systems or, in general, in the presence
of electromagnetic transients), they are used in standard mod-
eling of power transmission systems. Therefore, the proven
equivalence constitutes an important clarification for those
involved in the modeling and analysis of such systems. In
general, however, Hahn’s and Milano’s definitions refer to
fundamentally unrelated concepts and the use of the same
terminology is not recommended. An illustrative example is
provided in Fig. 1 where Hahn’s and Milano’s ICF are shown
across four different cases where the equivalence conditions
are not met. It depicts the phase voltages (Fig. 1(a)) together
with the components of the analytic signal and the α and
β components of the Clarke vector (Fig. 1(b)) as well as
the corresponding ICF according to Hahn’s and Milano’s
definitions (Fig. 1(c)). Note that for the latter δdq(t) = 0 has
been considered for simplicity.

Since ICP and ICF were first defined for the analytic signal
and represent a generic and field-agnostic case, it is the
authors’ view that such notation should be retained. Moreover,
as highlighted by Hahn [12], the scientific and engineering

3The latter is required so that v̄αβ(t) is an analytic signal, i.e. vβ(t) =
H{vα(t)}. Specifically, given the spectral content of v̄αβ(t) [18], the absence
of negative and zero sequence harmonics as well as interharmonics is needed.
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Fig. 1. Sample cases where equivalence conditions are not met. Each column
represents the superposition of: (i) Fundamental amplitude unbalance, (ii) a
2nd harmonic, (iii) a 3rd harmonic and (iv) an interharmonic. Each row depicts:
(a) Phase voltages, (b) components of the analytic signal of phase a as well
as α and β components of the Clarke vector and (c) ICF according to Hahn’s
and Milano’s definitions. For the latter δdq(t) = 0 is considered.

communities already use the term IF to refer to rate of change
of the phase of an analytic signal.

On the other hand, as it is more recent and has not been yet
widely adopted by the power system community, it appears
easier and more consistent to change the notation of the ICF
defined in [5]. With this aim, it is relevant to note that the
complex frequency defined in [5] can be viewed as a special
case of the geometric frequency defined in [19]. This quantity
is, in the most general case, a multivector composed of a
scalar and a bivector, as defined in the Clifford algebra Cl1,2
for three-dimensional spaces, which corresponds to the Pauli
algebra — see, for example, [20].

The starting point of the geometric approach is the vector of
voltages vvvabc(t) at a point of a three-phase circuit. This voltage
is assumed to be the velocity vector field of a generalized
position, which, in this analogy, has the dimension of a
magnetic flux. Then, the geometric frequency is defined as:

Ω̂ΩΩ(t) =
vvvabc(t) · v̇vvabc(t)

|vvvabc(t)|2
+

vvvabc(t) ∧ v̇vvabc(t)

|vvvabc(t)|2
, (14)

where · and ∧ indicate inner and outer products, respectively,
and |xxx| =

√
xxx · xxx indicates the Euler 2-norm of a vector.

The first term on the right-hand side of (14) is scalar and
captures a radial dilatation, namely the rate of change of the
voltage magnitude, whereas the second term is a bivector the
magnitude of which embeds the information on the rotation of
the voltage vector field and is proportional to the curvature of
the trajectory defined by vvvabc(t) [21]. Note that the magnitude
of each term on the right-hand side of (14) are invariants,
namely, their magnitude is independent from the coordinates
utilized to represent the voltage vector.

TABLE I
SUGGESTED UNIFIED TERMINOLOGY

Concept Foundation Definition

Complex Frequency Analytic Signals Eq. (3)
Planar Frequency Space Vectors Eq. (6)

Geometric Frequency Differential Geometry Eq. (14)

In [21], it is shown that if the torsion of the trajectory
defined by vvvabc(t) is zero for all t, then there exists a set
of coordinates for which the velocity (voltage) vector can be
described by only two elements, and hence the trajectory is a
plane curve. In summary, the following identities hold for the
quantities in (6):

ϱm(t) =
vvvabc(t) · v̇vvabc(t)

|vvvabc(t)|2
, (15a)

ωm(t) =
|vvvabc(t) ∧ v̇vvabc(t)|

|vvvabc(t)|2
− ωdq(t) , (15b)

if and only if the torsion is zero, namely:

τ̂(t) =
vvvabc(t) ∧ v̇vvabc(t) ∧ v̈vvabc(t)

|vvvabc(t) ∧ v̇vvabc(t)|2
= 0 , ∀t . (16)

In light of the equivalence given in (15), and the interpretation
of the ICF as a two-dimensional case of the geometric fre-
quency, instantaneous planar phase (IPP) and instantaneous
planar frequency (IPF) appear an adequate notation for the
ICP and ICF, respectively, defined in [5].

It is possible to give a geometric interpretation also to
analytic signals. If one assumes that the original signal v(t)
is a velocity along a given coordinate axis, H{v(t)} can
be viewed as a new coordinate along an axis orthogonal
that of v(t). Then the components of the ICF are the radial
and angular frequencies in the two-dimensional space of 1-
D analytic signals. In this sense, thus, Hahn’s ICF is also
an invariant — and thus unique as shown in [12] —, as the
components of the geometric frequency defined in (14). On the
other hand, Milano’s IPF assumes a three-dimensional space
(a, b, c) defined by the physical phases of the circuit.

The geometric interpretation of the Hilbert transform leads
to the formal conditions that imply equivalence between
Hahn’s ICF and Milano’s IPF. First, we observe that if (16)
holds, there exists a plane, say (µ, ξ), where the voltage vector
vvvµξ(t) lies. The procedure to find this plane is illustrated, for
example, in [20]. If in addition to (16), also the following
identity holds:

vξ(t) = H{vµ(t)} , ∀t , (17)

then, one obtains:

ṽµ(t) = v̄µξ(t) , ∀t , (18)

which implies that the ICP and ICF of ṽµ(t) and the the
IPP and IPF of v̄µξ(t), respectively, coincide. Equations (13)
represent thus a special case of the geometric conditions
above and corresponds to a three-phase voltage for which
(µ, ξ) ≡ (α, β) and a ≡ α. Lastly, the suggested unified
terminology is summarized in Table I.
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IV. CONCLUSIONS

This letter provides a clarification on the concepts of ICP
and ICF and identifies two coexisting but methodologically
and conceptually diverse approaches that are used in current
literature. These two approaches are based on analytic signals
and space vectors, respectively. The letter provides definitions
and formulations of each approach, discusses underlying as-
sumptions, and indicates the strict mathematical conditions
under which the two approaches lead to same results. Finally,
the letter suggests an unified notation aimed at preventing
confusion between these approaches.
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